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Abstract
Applying effective Lagrangian method and on-shell scheme, we analyze the electroweak correc-
tions to anomalous dipole moments of lepton from some special two loop diagrams in which a closed
heavy fermion loop is attached to the virtual gauge bosons or Higgs fields. As the masses of vir-
tual fermions in inner loop are much heavier than the electroweak scale, we verify the final results
satisfying the decoupling theorem explicitly if the interactions among Higgs and heavy fermions
do not contain the nondecoupling couplings. At the decoupling limit, we also present the leading
corrections to lepton anomalous dipole moments from those two loop diagrams in some popular
extensions of the standard model, such as the fourth generation, supersymmetry, universal extra
dimension, and the littlest Higgs with T-parity.
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1
I. INTRODUCTION
At both aspects of experiment and theory, the magnetic dipole moments (MDMs)
of leptons draw great attention of physicists because of their obvious importance. The
anomalous dipole moments of lepton not only provide a potential window to detect new
physics beyond the standard model (SM), but also can be used for testing loop effect in
electroweak theories. The current experimental world average of the muon MDM is[1]
aexp
µ
= 11 659 208 ± 6 × 10−10 . (1)
Contributions to the MDM of muon are generally divided into three sectors: QED loops,
hadronic contributions as well as electroweak corrections. The largest uncertainty of the
SM prediction originates from the evaluation of hadronic vacuum polarization and light-
by-light corrections. Depending on which evaluation of hadronic vacuum polarization is
chosen, the differences between the SM predictions and experimental result lie in the range
1.3σ ∼ 3.8σ[2, 3].
For the electroweak corrections, the standard one loop contribution amounts to 19.5 ×
10−10, and the one loop corrections from new physics sector are generally suppressed by
Λ2
EW
/Λ2
NP
. Here Λ
EW
denotes the electroweak energy scale, and Λ
NP
denotes the energy scale
of new physics. Comparing with the analysis at one loop level, the two loop analysis is
more complicated and less advanced. Utilizing the heavy mass expansion approximation
(HME) together with the projection operator method, the authors of Ref.[4] have evaluated
the two loop standard electroweak corrections to muon MDM. Within the framework of CP
conservation, Ref.[5] presents the supersymmetric corrections from some special two-loop
diagrams where a closed chargino (neutralino) or scalar fermion loop is inserted into those
two-Higgs-doublet one-loop diagrams. Ref.[6] discusses the contributions to muon MDM
from the effective vertices H±W∓γ, h0(H0)γγ which are induced by the scalar quarks of the
third generation. Furthermore, the contributions from two loop Bar-Zee-type diagrams to
the electric dipole moments (EDMs) of light fermions are discussed extensively in literature
[7].
In this paper, we calculate the corrections to the anomalous dipole moments of lepton
from some special diagrams in which a closed heavy fermion loop is attached to the virtual
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electroweak gauge or Higgs fields. The effective Lagrangian method can yield the one loop
electroweak corrections to lepton MDMs and EDMs exactly in the SM and beyond, and has
been adopted to calculate the two loop supersymmetric corrections for the branching ratio of
b→ sγ [8], neutron EDM [9] and lepton MDMs and EDMs [10, 11]. In concrete calculation,
we assume that all external leptons and photon are off-shell, then expand the amplitude of
corresponding triangle diagrams according to the external momenta of leptons and photon.
Using loop momentum translating invariance, we formulate the sum of amplitude from those
triangle diagrams corresponding to same self energy in the form which explicitly satisfies
the Ward identity required by the QED gauge symmetry, then get all dimension 6 operators
together with their coefficients. After the equations of motion are applied to external leptons,
higher dimensional operators, such as dimension 8 operators, also contribute to the lepton
MDMs and EDMs in principle. However, the contributions of dimension 8 operators contain
the additional suppression factor m2l /Λ
2
EW
comparing with that of dimension 6 operators,
where ml is the mass of lepton. Setting ΛEW ∼ 100GeV, one obtains easily that this
suppression factor is about 10−6 for the muon lepton. Under current experimental precision,
it implies that the contributions of all higher dimension operators (D ≥ 8) can be neglected
safely.
We adopt the naive dimensional regularization with the anticommuting γ5 scheme, where
there is no distinction between the first 4 dimensions and the remaining D − 4 dimensions.
Since the bare effective Lagrangian contains the ultraviolet divergence which is induced
by divergent subdiagrams, we give the renormalized results in the on-mass-shell scheme
[12]. Additional, we adopt the nonlinear Rξ gauge with ξ = 1 for simplification [13]. This
special gauge-fixing term guarantees explicit electromagnetic gauge invariance throughout
the calculation, not just at the end because the choice of gauge-fixing term eliminates the
γW±G∓ vertex in the Lagrangian.
This paper is composed of the sections as follows. In section II, we introduce the effective
Lagrangian method and our notations. We will demonstrate how to obtain the identities
among two loop integrals from the loop momentum translating invariance through an ex-
ample, then obtain the corrections from the relevant diagrams to the lepton MDMs and
EDMs. Section III is devoted to the analysis and discussion in some concrete electroweak
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models. In section IV, we give our conclusion. Some tedious formulae are collected in the
appendices.
II. THE CORRECTIONS FROM THE RELATING DIAGRAMS
The lepton MDMs and EDMs can actually be written as the operators
L
MDM
=
e
4m
l
a
l
l¯σµν l Fµν ,
L
EDM
= − i
2
d
l
l¯σµνγ5l Fµν . (2)
Here, σµν = i[γµ, γν ]/2, l denotes the lepton fermion which is on-shell, Fµν is the electromag-
netic field strength, m
l
is the lepton mass and e represents the electric charge, respectively.
It is convenient to get the corrections from loop diagrams to lepton MDMs and EDMs
in terms of the effective Lagrangian method, if the loop diagrams contain the virtual fields
which are much heavier than the external lepton, i.e. m
V
≫ m
l
with m
V
denoting the mass
scale of virtual fields. Since /p′ = /p = m
l
≪ m
V
for on-shell leptons and /k → 0 ≪ m
V
for photon, we can expand the amplitude of corresponding triangle diagrams according to
the external momenta of leptons and photon. The two loop diagrams also contain some
virtual light freedoms generally, such as virtual neutrinos, charged leptons or photon, and
it is unsuitable to expand the propagators of light freedoms in powers of external momenta
obviously. In order to obtain the corrections to lepton MDM and EDM properly, we should
firstly match the amplitude of two loop diagrams from full theory to that of corresponding
diagrams from effective theory which is composed by the QED Lagrangian and some higher
dimension operators of light freedoms, then extract the Wilson coefficients of those high
dimension operators which are only depend on the masses of virtual heavy freedoms as well
as the possible matching scales. Finally, we strictly analyze the amplitude of corresponding
diagrams from effective theory to obtain the contributions from the virtual light freedoms
to lepton MDMs and EDMs. As discussed in the section I, it is enough to retain only those
dimension 6 operators in later calculations:
O∓
1
=
1
(4π)2
l¯ (i/D)3ω∓ l ,
4
O∓
2
=
eQ
f
(4π)2
(iDµl)γµF · σω∓l ,
O∓
3
=
eQ
f
(4π)2
l¯F · σγµω∓(iDµl) ,
O∓
4
=
eQ
f
(4π)2
l¯(∂µFµν )γ
νω∓l ,
O∓
5
=
m
l
(4π)2
l¯ (i/D)2ω∓ l ,
O∓
6
=
eQ
f
m
l
(4π)2
l¯ F · σω∓ l ,
(3)
with Dµ = ∂µ + ieAµ and ω∓ = (1∓ γ5)/2.
Certainly, all dimension 6 operators in Eq.(3) induce the effective couplings among pho-
tons and leptons. The effective vertices with one external photon are written as
O∓
1
=
ieQ
f
(4π)2
{(
(p+ k)2 + p2
)
γρ + (/p+ /k)γρ/p
}
ω∓ ,
O∓
2
=
ieQ
f
(4π)2
(/p+ /k)[/k, γρ]ω∓ ,
O∓
3
=
ieQ
f
(4π)2
[/k, γρ]/pω∓ ,
O∓
4
=
ieQ
f
(4π)2
(
k2γρ − /kkρ
)
ω∓ ,
O∓
5
=
ieQ
f
(4π)2
{
(/p+ /k)γρ + γρ/p
}
m
l
ω∓ ,
O∓
6
=
ieQ
f
(4π)2
[/k, γρ]mlω∓ . (4)
If the full theory is invariant under the combined transformation of charge conjugation,
parity and time reversal (CPT), the induced effective theory preserves the symmetry after
the heavy freedoms are integrated out. The fact implies the Wilson coefficients of the
operators O∓
2,3,6
satisfying the relations
C∓2 = C
∓∗
3 , C
+
6 = C
−∗
6 , (5)
where C∓i (i = 1, 2, · · · , 6) represent the Wilson coefficients of the corresponding operators
O∓
i
in the effective Lagrangian. After applying the equations of motion to external leptons,
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we find that the concerned terms in the effective Lagrangian are transformed into
C∓2 O∓2 + C∓∗2 O∓3 + C+6 O+6 + C+∗6 O−6
⇒ (C+2 + C−∗2 + C+6 )O+6 + (C+∗2 + C−2 + C+∗6 )O−6
=
eQ
f
m
l
(4π)2
{
ℜ(C+2 + C−∗2 + C+6 ) l¯ σµν l + iℑ(C+2 + C−∗2 + C+6 ) l¯ σµνγ5 l
}
Fµν . (6)
Here, ℜ(· · ·) denotes the operation to take the real part of a complex number, and ℑ(· · ·)
denotes the operation to take the imaginary part of a complex number. Applying Eq.(2)
and Eq.(6), we finally get
al =
4Q
f
m2
l
(4π)2
ℜ(C+2 + C−∗2 + C+6 ) ,
dl = −
2eQ
f
m
l
(4π)2
ℑ(C+2 + C−∗2 + C+6 ) . (7)
In other words, the MDM of lepton is proportional to real part of the effective coupling
C+2 + C
−∗
2 + C
+
6 , as well as the EDM of lepton is proportional to imaginary part of the
effective coupling C+2 + C
−∗
2 + C
+
6 .
After expanding the amplitude of corresponding triangle diagrams, we extract the Wilson
coefficients of operators in Eq.(4) which are formulated in the linear combinations of one
and two loop vacuum integrals in momentum space, then obtain the MDMs and EDMs of
leptons. Taking those diagrams in which a closed heavy fermion loop is inserted into the
propagator of charged gauge boson as an example, we show in detail how to obtain the
MDMs and EDMs of leptons through the effective Lagrangian method.
A. The corrections from the diagrams where a closed heavy fermion loop is in-
serted into the self energy of W± gauge boson
In order to get the amplitude of the diagrams in Fig.1, one can write the renormalizable
interaction among the charged electroweak gauge boson W± and the heavy fermions Fα,β in
a more universal form as
L
WFF
=
e
sw
W−,µF¯αγµ(ζ
L
αβ
ω− + ζ
R
αβ
ω+)Fβ + h.c. , (8)
6
Fα, q2 − q1 Fα, q2 − q1
W±,
W±
νl, q1
q2 − p, Fβ
q1 − p, W
±
l l
k, γ
q1 − p
q1 − p− k
(a)
Fα
W±
W±
νl
Fβ
W±
l l
γ
(b)
Fβ
W±W±
νl
Fα Fα
l l
γ
(c)
Fα
W±W±
νl
Fβ Fβ
l l
γ
(d)
⊗
νl
−iΣWC
µν
W±
l l
W±
W±
γ
(e)
⊗
νl
−iΣWC
µν
W±
l l
W±
W±
γ
(f)
⊗
νl
iδCγW+W−
l l
W±
W±
γ
(g)
FIG. 1: The relating two-loop diagrams in which a closed heavy fermion loop is attached to virtual
W± bosons, where the diagrams (e,f,g) contribute the counter terms to cancel the ultraviolet
divergence arisen by divergent subdiagrams in (a,b,c,d) respectively.
where the concrete expressions of ζL,R
αβ
depend on the models employed in our calculation.
The conservation of electric charge requires Qβ − Qα = 1, where Qα,β denote the electric
charges of the heavy fermions Fα,β respectively.
Applying Eq.(8), we write firstly the amplitude of those two loop diagrams in Fig.1. For
example, the amplitude of Fig.1(a) can be formulated as
iA1(a)
ww,ρ
(p, k) = −ψ
f
∫
dDq1
(2π)D
dDq2
(2π)D
(
− i eΛ
ε
RE√
2sw
)
γµω−
i/q1
q21
(
− i eΛ
ε
RE√
2sw
)
γνω−ψf
× −i
(q1 − p− k)2 −m2w
{
ie
[
− gµσ(2p+ k − 2q1)ρ + 2(gρµkσ − gρσkµ)
]}
7
× −i
(q1 − p)2 −m2w
−i
(q1 − p)2 −m2w
Tr
[(
i
eΛε
RE
sw
)
γσ
{
ζL∗
αβ
ω− + ζ
R∗
αβ
ω+
}
× i(/q2 − /q1 +mFα )
(q2 − q1)2 −m2Fα
(
i
eΛε
RE
sw
)
γν
{
ζL
αβ
ω− + ζ
R
αβ
ω+
} i(/q2 − /p+mFβ )
(q2 − p)2 −m2Fβ
]
. (9)
Here Λ
RE
denotes the renormalization scale that can take any value in the range from the
electroweak scale Λ
EW
to the new physics scale Λ
NP
naturally, and we adopt the shortcut
notations: cw = cos θw , sw = sin θw , with θw denoting the Weinberg angle. Additionally,
p, k are the incoming momenta of lepton and photon fields, ρ is the Lorentz index of photon.
Certainly, the amplitude does not depend on how to mark the momenta of virtual fields for
the invariance of loop momentum translation. It can be checked easily that the sum of
amplitude for diagrams in Fig.1 satisfies the Ward identity required by the QED gauge
invariance
kρAww,ρ(p, k) = e[Σww(p+ k)− Σww(p)] , (10)
where Aww,ρ denotes the sum of amplitudes for the diagrams (a), (b), (c) and (d) in Fig.1,
as well as Σww denotes the amplitude of corresponding self energy diagram, respectively.
According the external momenta of leptons and photon, we expand the amplitude in
Eq.(9) as
iA1(a)
ww,ρ
(p, k) = −i e
5
2s4
w
· Λ4ǫ
RE
∫
dDq1
(2π)D
dDq2
(2π)D
1
q21(q
2
1 −m2w)3((q2 − q1)2 −m2Fα )(q22 −m2Fβ )
×
{
1 +
2q1 · (3p+ k)
q21 −m2w
+
2q1 · p
q22 −m2Fβ
− 2p
2 + (p+ k)2
q21 −m2w
− p
2
q22 −m2Fβ
+
4(q1 · (p+ k))2 + 8(q1 · p)(q1 · (p+ k)) + 12(q1 · p)2
(q21 −m2w)2
+
4(q2 · p)2
(q22 −m2Fβ )2
+
4(q1 · (3p+ k))(q2 · p)
(q21 −m2w)(q22 −m2Fβ )
}
ψ
f
[
γµ/q1γ
νω−
]
ψ
f
[
− gµσ(2p+ k − 2q1)ρ
+2(gρµkσ − gρσkµ)
]
Tr
[
γσ
{
ζL∗
αβ
ω− + ζ
R∗
αβ
ω+
}
(/q2 − /q1 +mFα )
×γν
{
ζL
αβ
ω− + ζ
R
αβ
ω+
}
(/q2 − /p+mFβ )
]
(11)
since we only consider the corrections to lepton MDM and EDM from dimension 6 operators.
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Because the denominators of all terms are invariant under the reversal q1 → −q1, q2 →
−q2, those terms in odd powers of loop momenta can be abandoned, and the terms in even
powers of loop momenta can be simplified by
∫
dDq1
(2π)D
dDq2
(2π)D
q1µq1νq1ρq1σq1αq1β , q1µq1νq1ρq1σq1αq2β
((q2 − q1)2 −m20)(q21 −m21)(q22 −m22)
−→ Sµνρσαβ
D(D + 2)(D + 4)
∫
dDq1
(2π)D
dDq2
(2π)D
(q1)
3, (q1)
2q1 · q2
((q2 − q1)2 −m20)(q21 −m21)(q22 −m22)
,
∫ dDq1
(2π)D
dDq2
(2π)D
q1µq1νq1ρq1σq2αq2β
((q2 − q1)2 −m20)(q21 −m21)(q22 −m22)
−→
∫
dDq1
(2π)D
dDq2
(2π)D
1
((q2 − q1)2 −m20)(q21 −m21)(q22 −m22)
×
[ Dq2
1
(q
1
· q
2
)2 − (q2
1
)2q2
2
D(D − 1)(D + 2)(D + 4)Sµνρσαβ −
q2
1
(q
1
· q
2
)2 − (q2
1
)2q2
2
D(D − 1)(D + 2) Tµνρσgαβ
]
,
∫
dDq1
(2π)D
dDq2
(2π)D
q1µq1νq1ρq2αq2βq2δ
((q2 − q1)2 −m20)(q21 −m21)(q22 −m22)
−→
∫
dDq1
(2π)D
dDq2
(2π)D
1
((q2 − q1)2 −m20)(q21 −m21)(q22 −m22)
×
[(D + 1)q2
1
q1 · q2q22 − 2(q1 · q2)3
D(D − 1)(D + 2)(D + 4) Sµνραβδ +
(q1 · q2)3 − q21q1 · q2q22
D(D − 1)(D + 2)
(
g
µα
(g
νβ
g
ρδ
+g
νδ
g
ρβ
) + g
µβ
(g
να
g
ρδ
+ g
νδ
g
ρα
) + g
µδ
(g
να
g
ρβ
+ g
νβ
g
ρα
)
)]
, (12)
and those similar formulae presented in Eq.(5) of Ref[8], where the tensors are defined as
Tµνρσ = gµνgρσ + gµρgνσ + gµσgνρ ,
S
µνρσαβ
= gµνTρσαβ + gµρTνσαβ + gµσTνραβ + gµαTνρσβ + gµβTνρσα . (13)
Summing over those indices which appear both as superscripts and subscripts, we derive
all possible dimension 6 operators in the momentum space together with their coefficients
which are expressed in the linear combinations of one and two loop vacuum integrals. In
a similar way, one obtains the amplitude of other diagrams. Before integrating with the
loop momenta, we apply the loop momentum translating invariance to formulate the sum of
those amplitude in explicitly QED gauge invariant form, then extract the Wilson coefficients
of those dimension 6 operators listed in Eq.(3). Actually, we can easily verify the equation
∫ ∫ dDq1
(2π)D
dDq2
(2π)D
q1µ
(q21 −m21)(q22 −m22)((q2 − q1)2 −m20)
≡ 0 . (14)
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Performing an infinitesimal translation q1 → q1, q2 → q2 − a with aρ → 0 (ρ = 0, 1, · · · , D),
one can write the left-handed side of above equation as
∫ ∫
dDq1
(2π)D
dDq2
(2π)D
q1µ
(q21 −m21)(q22 −m22)((q2 − q1)2 −m20)
=
∫ ∫ dDq1
(2π)D
dDq2
(2π)D
q1µ
(q21 −m21)(q22 −m22)((q2 − q1)2 −m20)
×
{
1 +
2q2 · a
q22 −m22
+
2(q2 − q1) · a
(q2 − q1)2 −m20
+ · · ·
}
. (15)
This result implies
∫ ∫
dDq1
(2π)D
dDq2
(2π)D
q1 · q2
(q21 −m21)(q22 −m22)2((q2 − q1)2 −m20)
=
∫ ∫ dDq1
(2π)D
dDq2
(2π)D
q21 − q1 · q2
(q21 −m21)(q22 −m22)((q2 − q1)2 −m20)2
. (16)
In a similar way, other identities listed in Ref.[8] can be derived. Using the expression of
two loop vacuum integral[14]
Λ4ǫ
RE
∫ ∫
dDq1
(2π)D
dDq2
(2π)D
1
(q21 −m21)(q22 −m22)((q2 − q1)2 −m20)
=
Λ2
2(4π)4
Γ2(1 + ǫ)
(1− ǫ)2
(
4πx
R
)2ǫ{− 1
ǫ2
(
x0 + x1 + x2
)
+
1
ǫ
(
2(x0 ln x0 + x1 ln x1 + x2 ln x2)− x0 − x1 − x2
)
−2(x0 + x1 + x2) + 2(x0 ln x0 + x1 ln x1 + x2 ln x2)
−x0 ln2 x0 − x1 ln2 x1 − x2 ln2 x2 − Φ(x0, x1, x2)
}
(17)
and
Φ(x, y, z) = (x+ y − z) ln x ln y + (x− y + z) ln x ln z
+(−x+ y + z) ln y ln z + sign(λ2)
√
|λ2|Ψ(x, y, z) ,
∂Φ
∂x
(x, y, z) = ln x ln y + ln x ln z − ln y ln z + 2 lnx+ x− y − z√
|λ2|
Ψ(x, y, z) , (18)
one obtains easily
Λ4ǫ
RE
Λ2
∂
∂x0
{ ∫ ∫
dDq1
(2π)D
dDq2
(2π)D
q21
(q21 −m21)(q22 −m22)((q2 − q1)2 −m20)
}
10
=
Λ4ǫ
RE
Λ2
{ ∂
∂x0
+
∂
∂x2
}{ ∫ ∫ dDq1
(2π)D
dDq2
(2π)D
q1 · q2
(q21 −m21)(q22 −m22)((q2 − q1)2 −m20)
}
=
Λ2
2(4π)4
Γ2(1 + ǫ)
(1− ǫ)2
(
4πx
R
)2ǫ{− x1 + 2x2
ǫ2
+
1
ǫ
(
x1(1 + 2 lnx0) + 2x2(1 + ln x0 + ln x2)
)
−(x1 + x2) ln2 x0 − (x1 + 2x2) lnx0 ln x2 − x2 ln2 x2 − x1 ln x0 ln x1 + x1 ln x1 ln x2
−2(x1 + x2) lnx0 − 2x2 ln x2 − x1(x0 − x1 − x2)√|λ2| Ψ(x0, x1, x2)
}
, (19)
which is equivalent to the identity Eq.(16). Here, ε = 2−D/2 with D denoting the dimension
of space-time, Λ is a energy scale to define xi = m
2
i /Λ
2, and x
R
= Λ2
RE
/Λ2. Additionally,
λ2 = x2 + y2 + z2 − 2xy − 2xz − 2yz, and the concrete expression of Ψ(x, y, z) can be
found in the appendix. Actually, the equation Eq.(19) provides a crosscheck of Eq.(17) and
Eq.(18) rather than a verification of Eq.(16). In the limit z ≪ x, y, we can expand Φ(x, y, z)
according z as
Φ(x, y, z) = ϕ0(x, y) + zϕ1(x, y) +
z2
2!
ϕ2(x, y) +
z3
3!
ϕ3(x, y)
+2z
(
ln z − 1
)
π1(x, y) + 2z
2
( ln z
2!
− 3
4
)
π2(x, y)
+2z3
( ln z
3!
− 11
36
)
π3(x, y) + · · · (20)
with
π1(x, y) = 1 + ̺1,1(x, y),
π2(x, y) = −
x+ y
(x− y)2 −
2xy
(x− y)3 ln
y
x
,
π3(x, y) = −
1
(x− y)2 −
12xy
(x− y)4 −
6xy(x+ y)
(x− y)5 ln
y
x
, (21)
and the concrete expressions of function ϕi(x, y) (i = 0, 1, 2, 3) can be found in appendix.
After applying those identities derived from loop momentum translating invariance, we
formulate the sum of the amplitude for Fig.1(a,b,c,d) satisfying QED gauge invariance and
CPT symmetry explicitly, and extract the Wilson coefficients of those operators in Eq.(3).
Since only the operators O∓
2,3,6
actually contribute to the MDMs and EDMs of leptons
when the equations of motion are applied to the incoming and outgoing leptons separately,
the relevant terms in the effective Lagrangian are formulated as:
Leff
ww
= −(4π)
2e4
s4
w
Q
f
· Λ4ǫ
RE
∫ dDq1
(2π)D
dDq2
(2π)D
1
q21(q
2
1 −m2w)2((q2 − q1)2 −m2Fα )(q22 −m2Fβ )
11
×
{[(
ζL∗
αβ
ζR
αβ
+ ζR∗
αβ
ζL
αβ
)
N (1)
ww
+
(
ζL∗
αβ
ζL
αβ
− ζR∗
αβ
ζR
αβ
)
N (2)
ww
+m
χ0α
m
χ
±
β
(
ζL∗
αβ
ζR
αβ
+ ζR∗
αβ
ζL
αβ
)
N (3)
ww
](
O−
2
+O−
3
)
+m
χ0α
m
χ
±
β
(
ζR∗
αβ
ζL
αβ
− ζL∗
αβ
ζR
αβ
)
N (4)
ww
(
O−
2
−O−
3
)}
+ · · · , (22)
where Q
f
= −1 represents the charge of leptons, and the expressions of form factorsN (i)
ww
(i =
1, 2, 3, 4) are presented in appendix.
Integrating over loop momenta, one gets the following terms in the effective Lagrangian:
Leff
ww
=
√
2G
F
αexw
πs2
w
Q
f
(4πx
R
)2ε
Γ2(1 + ε)
(1− ε)2
{(
ζL∗
αβ
ζL
αβ
+ ζR∗
αβ
ζR
αβ
)
×
[
− 5
24ε
x
Fα
+ x
Fβ
x2
w
+
5
24x2
w
̺
2,1
(x
Fα
, x
Fβ
) +
x
Fα
+ x
Fβ
x2
w
( 7
27
+
5
24
ln xw
)
− 1
9xw
+ T1(xw , xFα , xFβ )
]
(O−
2
+O−
3
)
+
(
ζL∗
αβ
ζL
αβ
− ζR∗
αβ
ζR
αβ
)
T2(xw , xFα , xFβ )(O−2 +O−3 )
+
(
ζL∗
αβ
ζR
αβ
+ ζR∗
αβ
ζL
αβ
)
(x
Fα
x
Fβ
)1/2
[ 5
12εx2
w
− 5
12x2
w
̺1,1(xFα , xFβ )
+
19
72x2
w
− 5
12x2
w
ln xw + T3(xw , xFα , xFβ )
]
(O−
2
+O−
3
)
+
(
ζL∗
αβ
ζR
αβ
− ζR∗
αβ
ζL
αβ
)
(x
Fα
x
Fβ
)1/2T4(xw , xFα , xFβ )
]
(O−
2
−O−
3
)
}
+ · · · , (23)
where G
F
= 1.16639 × 10−5 GeV−2 is the 4-fermion coupling, and αe = e2/4π. Note that
the above result does not depend on the concrete choice of energy scale Λ, and the concrete
expressions of Ti(x, y, z), ̺i,j (x, y) (i, j = 1, 2 · · ·) can be found in appendix.
The charged gauge boson self energy composed of a closed heavy fermion loop induces the
ultraviolet divergence in the Wilson coefficients of effective Lagrangian, the unrenormalized
W± self energy is generally expressed as
Σw
µν
(p,Λ
RE
) = Λ2Aw0 gµν +
(
Aw1 +
p2
Λ2
Aw2 + · · ·
)
(p2gµν − pµpν)
+
(
Bw1 +
p2
Λ2
Bw2 + · · ·
)
pµpν , (24)
where the form factors Aw0,1,2 and B
w
1,2 only depend on the virtual field masses and renor-
malization scale. Here, we omit those terms which are strongly suppressed at the limit of
12
heavy virtual fermion masses. The corresponding counter terms are given as
ΣwC
µν
(p,Λ
RE
) = −
[
δm2
w
(Λ
RE
) +m2
w
δZw(ΛRE)
]
gµν − δZw(ΛRE)
[
p2gµν − pµpν
]
. (25)
The renormalized self energy is given by
Σˆw
µν
(p,Λ
RE
) = Σw
µν
(p,Λ
RE
) + ΣwC
µν
(p,Λ
RE
) . (26)
For on-shell external gauge boson W±, we have [12]
Σˆw
µν
(p,mw)ǫ
ν(p)
∣∣∣
p2=m2
w
= 0 ,
lim
p2→m2w
1
p2 −m2
w
Σˆw
µν
(p,mw)ǫ
ν(p) = ǫµ(p) , (27)
where ǫ(p) is the polarization vector of W± gauge boson. Inserting Eq. (24) and Eq. (25)
into Eq. (27), we derive the counter terms for the W± self energy in on-shell scheme as
δZos
w
(mw) = A
w
1 +
m2
w
Λ2
Aw2 = A
w
1 + xwA
w
2 ,
δm2,os
w
(mw) = A
w
0 Λ
2 −m2
w
δZos
w
. (28)
We should derive the counter term for the vertex γW+W− here since the corresponding
coupling is not zero at tree level. In the nonlinear Rξ gauge with ξ = 1, the counter term
for the vertex γW+W− is
iδCγW+W− = ie · δZw(ΛRE)
[
gµν(k1 − k2)ρ + gνρ(k2 − k3)µ + gρµ(k3 − k1)ν
]
, (29)
where ki (i = 1, 2, 3) denote the incoming momenta of W
± and photon, and µ, ν, ρ denote
the corresponding Lorentz indices respectively.
We present the counter term diagrams to cancel the ultraviolet divergence contained by
the bare effective Lagrangian in Fig.1(e,f,g), and we can verify that the sum of corresponding
amplitude satisfies the Ward identity required by the QED gauge invariance obviously.
Accordingly, the effective Lagrangian from the counter term diagrams is written as
δLC
ww
= i
e2
2s2
w
Λ2Q
f
(4πx
R
)ε
Γ(1 + ε)
(1− ε)
{
Aw0
[ 5
12x2
w
+
19ε
72x2
w
− 5ε
12x2
w
lnxw
]
+
5ε
12xw
(Aw1 + xwA
w
2 )
}
(O−
2
+O−
3
)
13
=√
2G
F
αexw
πs2
w
Q
f
(4πx
R
)2ε
Γ2(1 + ε)
(1− ε)2
{(
ζL∗
αβ
ζL
αβ
+ ζR∗
αβ
ζR
αβ
)[ 5
24ε
x
Fα
+ x
Fβ
x2
w
− 5
24x2
w
̺2,1(xFα , xFβ )−
x
Fα
+ x
Fβ
x2
w
( 7
27
+
5
24
ln xw
)
+
1
9xw
]
(O−
2
+O−
3
)
+
(
ζL∗
αβ
ζR
αβ
+ ζR∗
αβ
ζL
αβ
)
(x
Fα
x
Fβ
)1/2
[
− 5
12εx2
w
+
5
12x2
w
̺1,1(xFα , xFβ )
− 19
72x2
w
+
5
12x2
w
ln xw
]
(O−
2
+O−
3
)
}
+ · · · . (30)
Adding the counter terms to bare Lagrangian Eq.(23), we cancel the ultraviolet divergence
there. However, the diagrams in Fig.1 include the virtual neutrino which belongs to light
freedoms contained by the effective Lagrangian. It is unreasonable obviously in the above
analysis that the propagators of virtual neutrino are expanded according to the external
momenta. In order to obtain the corrections to lepton MDMs and EDMs from light freedoms
properly, we match the sum of amplitude from full theory to that from effective theory[15]
at first:
∑
i
f∓
0,i
(m
V h
, m
V l
)O∓
i
=
∑
i
[
f∓
h,i
(m
V h
,Λ
MA
) + f∓
l,i
(m
V l
,Λ
MA
)
]
O∓
i
, (31)
where Λ
MA
represents the matching scale, and m
V h
, m
V l
denote the masses of virtual heavy
and light freedoms respectively. The left-handed side of above equation denotes the am-
plitude from Fig.1 derived through the above steps, the first term of right-handed side
is the corrections to effective Lagrangian from heavy freedoms only, and the second term
of right-handed side is the corrections obtained unsuitably to effective Lagrangian from
light freedoms. Shrinking those heavy freedoms of Fig.1 in a point, one obtains the cor-
k, γ k, γ
ll
νl
FIG. 2: The diagram of effective theory corresponds to those diagrams in Fig.1.
responding Feynman diagrams of effective theory in Fig.2. Expanding the amplitude of
diagram for effective theory in powers of external momenta, we can derive the corrections
14
∑
i
f∓
l,i
(m
V l
,Λ
MA
)O∓
i
which are originated from light freedoms purely. Inserting the concrete
expressions of f∓
l,i
(m
vl
,Λ
MA
) into Eq.(31), one gets the corrections f∓
h,i
(m
V h
,Λ
MA
) which are
originated from heavy freedoms only. Finally, we analyze the amplitude of Fig.2 strictly to
get the corrections from virtual light freedoms to lepton MDMs and EDMs. Because the
effective coupling among leptons and photon in Fig.2 is induced by the dimension 8 opera-
tors at least, the corrections from Fig.2 to lepton MDMs and EDMs contain the additional
suppression factor m2
l
/Λ2
EW
comparing with that only from the heavy freedoms. Under our
approximation, the resulted lepton MDMs and EDMs are respectively formulated as
awwl,F =
G
F
αem
2
l
2
√
2π3s2
w
xw
{(
|ζL
αβ
|2 + |ζR
αβ
|2
)
T1(xw , xFα , xFβ )
+
(
|ζL
αβ
|2 − |ζR
αβ
|2
)
T2(xw , xFα , xFβ )
+2(x
Fα
x
Fβ
)1/2ℜ(ζR∗
αβ
ζL
αβ
)T3(xw , xFα , xFβ )
}
,
dwwl,F = −
G
F
αeeml
2
√
2π3s2
w
xw(xFαxFβ )
1/2ℑ(ζR∗
αβ
ζL
αβ
)T4(xw , xFα , xFβ ) , (32)
which only depend on the masses of virtual fields. It should be clarified that the correc-
tions to lepton EDMs from the diagrams (a,b,c,d) in Fig.1 do not depend on the concrete
renormalization scheme adopted here since the relevant terms from bare Lagrangian do not
contain the ultraviolet divergence. Using the expansion of Φ(x, y, z) in Eq(.20), we get the
asymptotic expressions of Ti(x, z, u), (i = 1, · · · , 4) at the limit z, u≫ x as
T1(x, z, u) ≃ −3 − 3Qβ
8x
+
3− 2Qβ
8x
ln u− 3− 2Qβ
8x
π1(z, u)
+
(3− 2Qβ)z + 6u
8x
∂π1
∂u
(z, u)− (3− 2Qβ)zu+ (3 + 2Qβ)u
2
8x
∂2π1
∂u2
(z, u)
+
1
12x
u2(z − u)∂
3π1
∂u3
(z, u)− 2(4−Qβ)z − (1− 2Qβ)u
16x
π2(z, u)
+
7
16x
u(z − u)∂π2
∂u
(z, u) +
(z − u)2
24
π3(z, u) + · · · ,
T2(x, z, u) ≃ − ln u
8x
+
1
8x
π1(z, u)−
(5−Qβ)u
4x
∂π
1
∂u
(z, u) +
u(z − u)
8x
∂2π
1
∂u2
(z, u) + · · · ,
T3(x, z, u) ≃ 1− 3Qβ
24xu
+
1 +Qβ
2x
∂π
1
∂u
(z, u) +
1−Qβ
4x
∂π
1
∂z
(z, u)− u(z − u)
16x
∂3π
1
∂u3
(z, u)
−Qβz − (3 +Qβ)u
8x
∂2π1
∂u2
(z, u)− 1−Qβ
8x
(z − u) ∂
2π1
∂z∂u
(z, u)
+
3
4x
π2(z, u)−
1−Qβ
16x
(z − u)
[∂π
2
∂u
+
∂π
2
∂z
]
(z, u) + · · · ,
15
T4(x, z, u) ≃ − Qβ
8xu
+
4Qβ −Qα
8x
∂π1
∂u
(z, u)− −Qα
8x
∂π1
∂z
(z, u)
−Qβ
8x
(z − u)∂
2π1
∂u2
(z, u)− Qα
8x
(z − u) ∂
2π1
∂z∂u
(z, u) + · · · . (33)
This implies that the leading contributions contained in the asymptotic form of Eq.32 under
the assumption m
F
= m
Fα
= m
Fβ
≫ mw can be written as:
awwl,F ≈
G
F
α
e
m2
l
48
√
2π3s2
w
{
(18Qβ − 13)
(
|ζL
αβ
|2 + |ζR
αβ
|2
)
+3(Qβ − 3)
(
|ζL
αβ
|2 − |ζR
αβ
|2
)
+ 11ℜ(ζR∗
αβ
ζL
αβ
)
}
+ · · · ,
dwwl,F ≈ −
G
F
αeeml(2 +Qβ)
16
√
2π3s2
w
ℑ(ζR∗
αβ
ζL
αβ
) + · · · , (34)
where ellipses represent those relatively unimportant corrections.
Comparing the result in Eq.(32), the contributions from the corresponding diagrams
contain the additional suppressed factor m2
l
/Λ2
EW
when both of virtual charged gauge bosons
in Fig.1(a,b,c,d) are replaced with the charged Goldstone G±. However, we should consider
the corrections from those two loop diagrams in which one of virtual charged gauge bosons
is replaced with the charged Goldstone G± since it represents the longitudinal component
of charged gauge boson in nonlinear Rξ gauge. For many extensions of the SM contain the
charged Higgs, we also generalize the result directly to the diagrams in which a closed heavy
loop is attached to the virtual H± and W± fields simultaneously.
B. The corrections from the diagrams where a closed heavy fermion loop is at-
tached to the virtual W±, G± (H±) bosons
Similarly, the renormalizable interaction among the electroweak charged Gold-
stone/Higgs G± (H±) and the heavy fermions Fα,β can be expressed in a more universal
form as
L
S±FF
=
e
sw
[
G−F¯α(Gc,Lαβ ω− + Gc,Rαβ ω+)Fβ +H−F¯α(Hc,Lαβ ω− +Hc,Rαβ ω+)Fβ
]
+ h.c. , (35)
where the concrete expressions of Gc,L,R
αβ
, Hc,L,R
αβ
depend on the models employed in our
calculation, the conservation of electric charge requires Qβ−Qα = 1. Generally, the couplings
16
Fα Fα
G±, H±
W±
νl
Fβ
G±, H±
l l
γ
(a)
Fα
W±
G±, H±
νl
Fβ
W±
l l
γ
(b)
Fβ
G±, H±W±
νl
Fα Fα
l l
γ
(c)
Fα
G±, H±W±
νl
Fβ Fβ
l l
γ
(d)
FIG. 3: The two-loop diagrams in which a closed heavy fermion loop is attached to the virtual
W±, G± or H± bosons. In concrete calculation, the contributions from those mirror diagrams
should be included also.
among the charged Goldstone/Higgs and leptons are written as
L
S±lν
l
=
em
l√
2mwsw
[
G−l¯ω−νl + BcH−l¯ω−νl
]
+ h.c. , (36)
where the parameter Bc also depends on the concrete models adopted in our analysis. In full
theory, the couplings in Eq.(35) induce the corrections to lepton MDMs and EDMs through
the diagrams in Fig.3, and the corresponding diagram of effective theory is same as that
presented in Fig.2.
After the steps taken in WW sector, the corresponding corrections from the diagrams in
Fig.3 to the lepton MDMs and EDMs are formulated as
aWGl =
G
F
αem
2
l
32
√
2π3s2
w
xw
{(x
Fβ
xw
)1/2
F1(xw , xw , xFα , xFβ )ℜ
(
Gc,L
βα
ζL
αβ
+ Gc,R
βα
ζR
αβ
)
+
(x
Fα
xw
)1/2
F2(xw , xw , xFα , xFβ )ℜ
(
Gc,L
βα
ζR
αβ
+ Gc,R
βα
ζL
αβ
)
+
(x
Fβ
xw
)1/2
F3(xw , xw , xFα , xFβ )ℜ
(
Gc,L
βα
ζL
αβ
− Gc,R
βα
ζR
αβ
)
+
(x
Fα
xw
)1/2
F4(xw , xw , xFα , xFβ )ℜ
(
Gc,L
βα
ζR
αβ
− Gc,R
βα
ζL
αβ
)}
,
dWGl =
G
F
αeeml
64
√
2π3s2
w
xw
{(x
Fβ
xw
)1/2
F1(xw , xw , xFα , xFβ )ℑ
(
Gc,L
βα
ζL
αβ
+ Gc,R
βα
ζR
αβ
)
17
+
(x
Fα
xw
)1/2
F2(xw , xw , xFα , xFβ )ℑ
(
Gc,L
βα
ζR
αβ
+ Gc,R
βα
ζL
αβ
)
+
(x
Fβ
xw
)1/2
F3(xw , xw , xFα , xFβ )ℑ
(
Gc,L
βα
ζL
αβ
− Gc,R
βα
ζR
αβ
)
+
(x
Fα
xw
)1/2
F4(xw , xw , xFα , xFβ )ℑ
(
Gc,L
βα
ζR
αβ
− Gc,R
βα
ζL
αβ
)}
,
aWHl =
G
F
αem
2
l
Bc
32
√
2π3s2
w
xw
{(x
Fβ
xw
)1/2
F1(xw , xH± , xFα , xFβ )ℜ
(
Hc,L
βα
ζL
αβ
+Hc,R
βα
ζR
αβ
)
+
(x
Fα
xw
)1/2
F2(xw , xH± , xFα , xFβ )ℜ
(
Hc,L
βα
ζR
αβ
+Hc,R
βα
ζL
αβ
)
+
(x
Fβ
xw
)1/2
F3(xw , xH± , xFα , xFβ )ℜ
(
Hc,L
βα
ζL
αβ
−Hc,R
βα
ζR
αβ
)
+
(x
Fα
xw
)1/2
F4(xw , xH± , xFα , xFβ )ℜ
(
Hc,L
βα
ζR
αβ
−Hc,R
βα
ζL
αβ
)}
,
dWHl =
G
F
αeemlBc
64
√
2π3s2
w
xw
{(x
Fβ
xw
)1/2
F1(xw , xH± , xFα , xFβ )ℑ
(
Hc,L
βα
ζL
αβ
+Hc,R
βα
ζR
αβ
)
+
(x
Fα
xw
)1/2
F2(xw , xH± , xFα , xFβ )ℑ
(
Hc,L
βα
ζR
αβ
+Hc,R
βα
ζL
αβ
)
+
(x
Fβ
xw
)1/2
F3(xw , xH± , xFα , xFβ )ℑ
(
Hc,L
βα
ζL
αβ
−Hc,R
βα
ζR
αβ
)
+
(x
Fα
xw
)1/2
F4(xw , xH± , xFα , xFβ )ℑ
(
Hc,L
βα
ζR
αβ
−Hc,R
βα
ζL
αβ
)}
. (37)
The expressions of form factors Fi(x, y, z, u) (i = 1, · · · , 4) can be found in appendix.
Using the asymptotic formulae of form factors Fi, (i = 1, · · · , 4) under the condition
z, u≫ x, y,
F1(x, y, z, u) ≃ −3(2− 3Qβ)z
3 − 32z2u− (20− 9Qβ)zu2
3(z − u)4 ln
z
u
+
(11− 54Qβ)z2 − (151− 54Qβ)zu+ 2u2
9(z − u)3
−
[
5
∂
∂u
+ u
∂2
∂u2
][
2̺1,1(x, y)π1(z, u) + ϕ1(z, u)
]
+
[
(Qβ − 6) +
(
(4−Qβ)z + (6 +Qβ)u
) ∂
∂u
−u(z − u) ∂
2
∂u2
][
̺1,1(x, y)π2(z, u) +
1
2
ϕ2(z, u)
]
−10(z − u)
3
[
̺1,1(x, y)π3(z, u)−
1
2
ϕ3(z, u)
]
+ · · · ,
F2(x, y, z, u) ≃ −3z
3 − (35− 3Qβ)z2u− (29− 12Qβ)zu2 + 15(1−Qβ)u3
3(z − u)4 ln
z
u
18
+
(11− 18Qβ)z2 − (223− 90Qβ)zu+ (74− 72Qβ)u2
9(z − u)3
−
[ ∂
∂u
+ (1−Qβ) ∂
∂z
− u ∂
2
∂u2
][
2̺1,1(x, y)π1(z, u) + ϕ1(z, u)
]
+
[
(2−Qβ) + (z + 9u) ∂
∂u
+ (1−Qβ)(z − u) ∂
∂z
−u(z − u) ∂
2
∂u2
][
̺1,1(x, y)π2(z, u) +
1
2
ϕ2(z, u)
]
−10(z − u)
3
[
̺1,1(x, y)π3(z, u) +
1
2
ϕ3(z, u)
]
+ · · · ,
F3(x, y, z, u) ≃ (1 + 4Qβ)z
2 + (5− 4Qβ)zu
(z − u)3 ln
z
u
−4(1 +Qβ)z + 2(1− 2Qβ)u
(z − u)2
+(1 + 2Qβ)
∂
∂u
[
2̺
1,1
(x, y)π
1
(z, u) + ϕ1(z, u)
]
+
[
1− (z − u) ∂
∂u
][
̺1,1(x, y)π2(z, u) +
1
2
ϕ2(z, u)
]
+ · · · ,
F4(x, y, z, u) ≃ −z
2 + (4 +Qβ)zu− 5(1−Qβ)u2
(z − u)3 ln
z
u
+
(6− 2Qβ)z − (6− 8Qβ)u
(z − u)2
+
[ ∂
∂u
+ (1−Qβ) ∂
∂z
][
2̺1,1(x, y)π1(z, u) + ϕ1(z, u)
]
−
[
Qβ − (z − u) ∂
∂u
− (1−Qβ)(z − u) ∂
∂z
][
̺1,1(x, y)π2(z, u)
+
1
2
ϕ2(z, u)
]
+ · · · , (38)
we simplify the expressions of Eq.(37) in the limit m
F
= m
Fα
= m
Fβ
≫ mw as:
aWGl =
G
F
α
e
m2
l
mw
32
√
2π3s2
w
m
F
{[9
4
− 11
18
Qβ + (3 +
Qβ
3
) ln
m2
F
m2
w
]
ℜ
(
Gc,L
βα
ζL
αβ
+ Gc,R
βα
ζR
αβ
)
+
[13− 8Qβ
9
+
2− 4Qβ
3
ln
m2
F
m2
w
]
ℜ
(
Gc,L
βα
ζR
αβ
+ Gc,R
βα
ζL
αβ
)
+
[
− 2(5− 9Qβ)
9
− 2(1 + 3Qβ)
3
ln
m2
F
m2
w
]
ℜ
(
Gc,L
βα
ζL
αβ
− Gc,R
βα
ζR
αβ
)
+
[2(9− 4Qβ)
9
− 2(3−Qβ)
3
ln
m2
F
m2
w
]
ℜ
(
Gc,L
βα
ζR
αβ
− Gc,R
βα
ζL
αβ
)}
,
dWGl =
G
F
αeemlmw
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√
2π3s2
w
m
F
{[9
4
− 11
18
Qβ + (3 +
Qβ
3
) ln
m2
F
m2
w
]
ℑ
(
Gc,L
βα
ζL
αβ
+ Gc,R
βα
ζR
αβ
)
19
+
[13− 8Qβ
9
+
2− 4Qβ
3
ln
m2
F
m2
w
]
ℑ
(
Gc,L
βα
ζR
αβ
+ Gc,R
βα
ζL
αβ
)
+
[
− 2(5− 9Qβ)
9
− 2(1 + 3Qβ)
3
ln
m2
F
m2
w
]
ℑ
(
Gc,L
βα
ζL
αβ
− Gc,R
βα
ζR
αβ
)
+
[2(9− 4Qβ)
9
− 2(3−Qβ)
3
ln
m2
F
m2
w
]
ℑ
(
Gc,L
βα
ζR
αβ
− Gc,R
βα
ζL
αβ
)}
,
aWHl =
G
F
α
e
m2
l
mwBc
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2π3s2
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F
{[21
4
− 5
18
Qβ + (3 +
Qβ
3
)
(
lnm2
F
− ̺1,1(m2w , m2H± )
)]
×ℜ
(
Hc,L
βα
ζL
αβ
+Hc,R
βα
ζR
αβ
)
+
[19− 20Qβ
9
+
2− 4Qβ
3
(
lnm2
F
− ̺1,1(m2w , m2H± )
)]
ℜ
(
Hc,L
βα
ζR
αβ
+Hc,R
βα
ζL
αβ
)
+
[
− 16
9
− 2 + 6Qβ
3
(
lnm2
F
− ̺1,1(m2w , m2H± )
)]
ℜ
(
Hc,L
βα
ζL
αβ
−Hc,R
βα
ζR
αβ
)
+
[
− 2Qβ
9
− 6− 2Qβ
3
(
lnm2
F
− ̺1,1(m2w , m2H± )
)]
ℜ
(
Hc,L
βα
ζR
αβ
−Hc,R
βα
ζL
αβ
)}
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dWHl =
G
F
αeemlmwBc
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2π3s2
w
m
F
{[21
4
− 5
18
Qβ + (3 +
Qβ
3
)
(
lnm2
F
− ̺
1,1
(m2
w
, m2
H±
)
)]
×ℑ
(
Hc,L
βα
ζL
αβ
+Hc,R
βα
ζR
αβ
)
+
[19− 20Qβ
9
+
2− 4Qβ
3
(
lnm2
F
− ̺
1,1
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+
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(m2
w
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)
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)}
. (39)
The results indicate that the corrections to al, dl from the diagrams in Fig.3 are suppressed
in the limit m
F
= m
Fα
= m
Fβ
≫ mw unless the couplings Hc,L,Rβα violate the decoupling
theorem.
C. The corrections from the diagram where a closed heavy fermion loop is inserted
into the self energy of Z gauge boson
In order to get the amplitude of the diagram in Fig.4, we write the renormalizable
interaction among the electroweak neutral gauge boson Z and the heavy fermions Fα,β in a
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Fα Fα
l
Z
l
Fβ
Z
l l
γ
(a)
⊗
−iΣZC
µν
Z Z
l l
l l
γ
(b)
Fβ
ZZ
l
Fα Fα
l l
γ
(c)
Fα
ZZ
l
Fβ Fβ
l l
γ
(d)
FIG. 4: The two loop diagrams in which a closed heavy fermion loop is inserted into the propagator
of virtual neutral gauge boson, where diagram (b) contributes the counter terms to cancel the
ultraviolet divergence arisen by divergent subdiagram in (a).
more universal form as
L
ZFF
=
e
2swcw
ZµF¯αγµ(ξ
L
αβ
ω− + ξ
R
αβ
ω+)Fβ , (40)
where the expressions of ξL,R
αβ
depend on the concrete models employed in our calculation,
and the CPT symmetry requires ξL
αβ
= ξL∗
βα
, ξR
αβ
= ξR∗
βα
.
k, γ k, γ
ll
ll
(a)
k, γ
ll
l
(b)
FIG. 5: The diagrams of effective theory correspond to those diagrams in Fig.4. Where the diagram
(a) corresponds to Fig.4(a) and (b) in full theory, and the diagram (b) corresponds to Fig.4(c) and
(d) in full theory respectively.
It is easy to check that the divergent amplitude of Fig.4(a) satisfies the Ward identity:
kρA(a)zz,ρ(p, k) = e[Σzz(p+ k)− Σzz(p)] , (41)
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where p, k are the incoming momenta of lepton and photon fields, ρ is the Lorentz index of
photon, A(a)zz,ρ denotes the sum of amplitude for the diagrams in Fig.5(a), and Σzz denotes the
amplitude of corresponding self energy diagram, respectively. After a tedious calculation,
the bare Lagrangian from the diagram Fig.4(a) can be written as
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+ · · · , (42)
where TZ
f
= −1/2 represents the isospin of charged leptons.
Generally, the unrenormalized self energy of the weak gauge boson Z can be written as
Σz
µν
(p,Λ
RE
) = Λ2Az0gµν +
(
Az1 +
p2
Λ2
Az2 + · · ·
)
(p2gµν − pµpν)
+
(
Bz1 +
p2
Λ2
Bz2 + · · ·
)
pµpν . (43)
Here, we omit those terms which are strongly suppressed at the limit of the large virtual
fermion masses, and those form factors are actually decided by the masses of virtual fields
and the renormalization scale. Correspondingly, the counter terms are given as
ΣzC
µν
(p,Λ
RE
) = −
[
δm2
z
(Λ
RE
) +m2
z
δZz(ΛRE)
]
gµν − δZz(ΛRE)
[
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]
. (44)
The renormalized self energy is expressed as
Σˆz
µν
(p,Λ
RE
) = Σz
µν
(p,Λ
RE
) + ΣzC
µν
(p,Λ
RE
) . (45)
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For on-shell external gauge boson Z, we have [12]
Σˆz
µν
(p,mz)ǫ
ν(p)
∣∣∣
p2=m2
z
= 0 ,
lim
p2→m2z
1
p2 −m2
z
Σˆz
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(p,mz)ǫ
ν(p) = ǫµ(p) , (46)
where ǫ(p) is the polarization vector of neutral gauge boson. From Eq.(46), we get the
counter terms at electroweak scale in on-shell scheme:
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Accordingly, the effective Lagrangian from the counter term diagrams is written as
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e2
s2
w
c2
w
Λ2
(4πx
R
)ε
Γ(1 + ε)
(1− ε)
{[
Az0
( 1
3x2
z
+
11ε
18x2
z
− ε
3x2
z
ln xz
)
+
ε
3xz
(Az1 + xzA
z
2)
][(
TZ
f
−Q
f
s2
w
)2
(O−
2
+O−
3
) +Q2
f
s4
w
(O+
2
+O+
3
)
]
−Q
f
s2
w
(
TZ
f
−Q
f
s2
w
)
Az0
[
− 1
x2
z
+
ε
x2
z
(1 + ln x
l
)
]
(O+
6
+O−
6
)
}
=
G
F
αexw
6
√
2πs2
w
c4
w
Γ2(1 + ǫ)
(1− ǫ)2 (4πxR)
2ǫ
{(
ξL
βα
ξL
αβ
+ ξR
βα
ξR
αβ
)[1
ε
x
Fα
+ x
Fβ
x2
z
+
x
Fα
+ x
Fβ
x2
z
(4
3
− ln xz
)
−
̺
2,1
(x
Fα
, x
Fβ
)
x2
z
− 2
3xz
]
×
[(
TZ
f
−Q
f
s2
w
)2
(O−
2
+O−
3
) +Q2
f
s4
w
(O+
2
+O+
3
)
]
+
(
ξR
βα
ξL
αβ
+ ξL
βα
ξR
αβ
)
(x
Fα
x
Fβ
)1/2
[
− 2
εx2
z
+
2̺1,1(xFα , xFβ )
x2
z
+
2
x2
z
lnxz
− 11
3x2
z
][(
TZ
f
−Q
f
s2
w
)2
(O−
2
+O−
3
) +Q2
f
s4
w
(O+
2
+O+
3
)
]
+3Q
f
(
ξL
αβ
ξL
βα
+ ξR
αβ
ξR
βα
)
s2
w
(
TZ
f
−Q
f
s2
w
)[1
ε
x
Fα
+ x
Fβ
x2
z
−
̺2,1(xFα , xFβ )
x2
z
−
x
Fα
+ x
Fβ
x2
z
(
3
2
+ ln x
l
)
]
(O+
6
+O−
6
)
−6Q
f
(
ξL
αβ
ξR
βα
+ ξR
αβ
ξL
βα
)
s2
w
(
TZ
f
−Q
f
s2
w
)
(x
Fα
x
Fβ
)1/2
[ 1
εx2
z
−
̺
1,1
(x
Fα
, x
Fβ
)
x2
z
− 1 + ln xl
x2
z
]
(O+
6
+O−
6
)
}
+ · · · , (48)
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As a result of the preparation mentioned above, we use the contributions from the counter
term diagram in Fig.4(b) to cancel the ultraviolet divergence in Eq.(42). After matching
the amplitude from Fig.4(a, b) to that from the diagram of effective theory (Fig.5(a)) and
analyzing the corrections from light freedoms properly, we get the theoretical prediction on
the lepton MDMs as
azzl(a+b) = −
G
F
αeQfm
2
l
xw
24
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]
T5(xz , xFα , xFβ ) .(49)
In fact, the four-fermion interaction does not induce the corrections to lepton MDMs and
EDMs in Fig.5(a). Using the asymptotic expression of T5(x, z, u) at the limit z, u≫ x:
T5(x, z, u) ≃ − 1
9x
− z + u
6x
π
2
(z, u) +
(z − u)2
18x
π
3
(z, u) + · · · , (50)
one finally obtains the leading corrections contained in the asymptotic form of Eq.(49) under
the assumption m
F
= m
Fα
= m
Fβ
≫ mw :
azzl(a+b) ∝ O(m2w/m2F ) + · · · , (51)
where ellipsis represents those relatively unimportant corrections.
In a similar way, we can verify the identity
kρA(c+d)
zz,ρ
(p, k) = 0 . (52)
A(c+d)
zz,ρ
denotes the sum of amplitude for the diagrams in Fig.4(c,d). After the steps adopted
above, the corrections from Fig.4(c,d) to lepton MDMs and EDMs are formulated as
azzl(c+d) = −
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As a closed heavy fermion loop is inserted into neutral or charged gauge boson propagator,
the counter terms to self energy diagrams of Z orW gauge bosons induce the renormalization
for Weinberg angle
δsw
sw
= − c
2
w
2s2
w
[δm2,os
w
m2
w
− δm
2,os
z
m2
z
]
≃ c
2
w
2s2
w
∆ρ
F
+ · · · , (54)
where the dots indicate again nonleading contributions. Furthermore, ∆ρ
F
denotes the 1-
loop corrections from the heavy fermions to the ρ parameter, which appears in the ratio
of weak neutral to charged current amplitudes and comparisons of the Z and W± masses.
Using the above equation, one can express the corresponding counter terms for the vertices
Zl¯l as
iδCzll =
ie
swc
3
w
[δsw
2sw
ω− + swδswω+
]
. (55)
Inserting the counter terms into one loop standard model diagrams, we finally obtain
aρl = −
e2m2
l
3(4π)2m2
w
s2
w
c2
w
(
1− 2s2
w
+ 2s4
w
)δsw
sw
= − GFm
2
l
12
√
2π2s2
w
(
1− 2s2
w
+ 2s4
w
)
∆ρ
F
+ · · · . (56)
In principle, we should consider the corrections from the counter terms for W+ν¯ll:
iδCw+νll = −
ie√
2s2
w
δswω− . (57)
However, the corrections can be absorbed in the one-loop result as we parametrize the final
result in terms of G
F
determined from the muon’s lifetime.
The contributions from the corresponding diagrams contain the additional suppressed
factor m2
l
/Λ2
EW
when both of virtual neutral gauge bosons in Fig.4 are replaced with the
neutral Goldstone G0. Nevertheless, we should consider the corrections from those two loop
diagrams in which one of virtual neutral gauge bosons is replaced with the neutral Goldstone
G0 since it represents the longitudinal component of charged gauge boson in nonlinear Rξ
gauge. For many electroweak theories contain the neutral CP-even and CP-odd Higgs, we
also generalize the result directly to the diagrams in which a closed heavy loop is attached
on the virtual neutral gauge boson Z and neutral scalars h0, A0.
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Fβ Fβ
G0, h0Z
l
Fα Fα
l l
γ
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Fα
G0, h0Z
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Fβ Fβ
l l
γ
(b)
FIG. 6: The two-loop diagrams in which a closed heavy fermion loop is attached to the virtual
Z, G0 or h0 bosons. In concrete calculation, the contributions from those mirror diagrams should
be included also.
D. The corrections from the diagrams where a closed heavy fermion loop is at-
tached to the virtual Z, G0 (h0, A0) bosons
Similarly, the renormalizable interaction among the electroweak neutral Gold-
stone/Higgs G0 (h0, A0) and the heavy fermions Fα,β can be expressed in a more universal
form as
L
S0FF
=
e
sw
[
− iG0F¯α(GNαβω− − GN†αβ ω+)Fβ + h0F¯α(HEαβω− +HE†αβω+)Fβ
−iA0F¯α(HOαβω− −HO†αβ ω+)Fβ
]
+ h.c. , (58)
where the concrete expressions of GN
αβ
, HE
αβ
and HO
αβ
depend on the models employed in
our calculation, and the conservation of electric charge requires Qβ = Qα. Generally, the
couplings among the neutral Goldstone/Higgs and leptons are written as
L
S0ll
=
em
l
2mwsw
[
− iG0l¯γ5l + BEh0l¯l − iBOA0 l¯γ5l
]
, (59)
and the parameters BE , BO depend on the concrete models adopted in our analysis. In full
theory, the couplings in Eq.(58) induce the corrections to lepton MDMs and EDMs from the
diagrams in Fig.6. Accordingly, the corresponding diagram of effective theory is presented
in Fig.5(b). In principle, we should also consider the corrections from those two loop dia-
grams in which one of virtual Z gauge bosons is replaced with the neutral Goldstone/Higgs
G0 (h0, A0) in Fig.4(a). However, the sum of amplitude from those two loop diagrams does
not contribute to the lepton MDMs and EDMs when one of virtual neutral gauge bosons in
Fig.4(a) is replaced with the neutral Goldstone/Higgs G0 (h0, A0)[11].
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After the steps taken in WW sector, we formulate the corresponding corrections to the
lepton MDMs and EDMs from the diagrams in Fig.6 as
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The expressions of form factors Fi(x, y, z, u) (i = 5, 6) can be found in appendix. In the
heavy mass limit m
F
= m
Fα
= m
Fβ
≫ m
h
, m
A
, mw , we have
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E. The corrections from the diagrams where a closed heavy fermion loop is at-
tached to the virtual γ and Z bosons
When a closed fermion loop is attached to the virtual γ and Z gauge bosons (Fig.7),
the corresponding diagrams of effective theory are presented in Fig.8. Taking the steps
above, one can get the tedious correction to the effective Lagrangian. If we ignore the terms
which are proportional to the suppression factor 1− 4s2
w
, the correction from this sector to
the lepton MDMs from this sector is drastically simplified as
Fα Fα
Zγ
l
Fα Fα
l l
γ
(a)
Fα
l
γ
l
Fα
Z
l l
γ
(b)
FIG. 7: The two-loop diagrams in which a closed heavy fermion loop is attached to the virtual
γ and Z bosons. In concrete calculation, the contributions from those mirror diagrams should be
included also.
aγZl =
G
F
αeQfQαm
2
l
32
√
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)
xwT7(xz , xFα , xFα ) , (62)
and the correction to the lepton EDMs is zero. In the limitm
F
= m
Fα
≫ mz , we approximate
the correction to the lepton MDMs from this sector as
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. (63)
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FIG. 8: The diagrams of effective theory corresponds to those diagrams in Fig.7. Where the
diagram (a) corresponds to Fig.7(a) in full theory, and the diagram (b) corresponds to Fig.7(b) in
full theory respectively.
F. The corrections from the diagrams where a closed heavy fermion loop is at-
tached to the virtual γ, G0 (h0, A0) bosons
As a closed fermion loop is attached to the virtual neutral Higgs and photon fields, a
real photon can be emitted from either the virtual lepton or the virtual charginos in the self
energy diagram. When a real photon is emitted from the virtual charginos, the corresponding
”triangle” diagrams belong to the typical two-loop Bar-Zee-type diagrams [16]. Within the
framework of CP violating MSSM, the contributions from two-loop Bar-Zee-type diagrams
to the EDMs of those light fermions are discussed extensively in literature [7]. When a
real photon is attached to the internal standard fermion, the correction from corresponding
triangle diagram to the effective Lagrangian is zero because of the Furry theorem, this point
is also verified through a strict analysis. Replacing the virtual neutral gauge boson with
photon in Fig.6, one obtains the relevant diagrams in full theory. Meanwhile, the diagram
of effective theory is same as that presented in Fig.8(a). After the steps adopted above, the
corresponding corrections to lepton MDMs and EDMs from this sector are expressed as
aγh
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F
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F
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16π3
ℑ(HO
αα
)(xwxFα )
1/2T11(xA , xFα , xFα ) . (64)
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Note here that the corrections from this sector to the MDM of lepton depend on real parts
of the effective couplings HE
αα
and HO
αα
, and the corrections from this sector to the EDM
of lepton depend on imaginary parts of the effective couplings HE
αα
and HO
αα
. In the limit
m
F
= m
Fα
≫ m
h
, m
A
, the above expressions are simplified as
aγh
0
l =
G
F
αeQfQαm
2
l
mwBE
8π3m
F
ℜ(HE
αα
)
[
1 + ln
m2
F
m2
h
]
,
aγA
0
l =
G
F
α
e
Q
f
Qαm
2
l
mwBO
8π3m
F
ℜ(HO
αα
)
[
1 + ln
m2
F
m2
A
]
,
dγh
0
l =
G
F
αeeQfQαmlmwBE
16π3m
F
ℑ(HE
αα
)
[
1 + ln
m2
F
m2
h
]
,
dγA
0
l = −
G
F
αeeQfQαmlmwBO
16π3m
F
ℑ(HO
αα
)
[
1 + ln
m2
F
m2
A
]
. (65)
Similarly, the corrections to the lepton MDMs and EDMs from the γG sector are:
aγGl =
G
F
αeQfQαm
2
l
8π3
ℜ(GN
αα
)(xwxFα )
1/2T12(xz, xFα , xFα ) ,
dγGl =
G
F
αeeQfQαml
16π3
ℑ(GN
αα
)(xwxFα )
1/2T11(xz , xFα , xFα ) . (66)
The corrections from this sector to the MDM of lepton are proportional to real parts of
the effective couplings GN
αα
, and the corrections from this sector to the EDM of lepton are
proportional to imaginary parts of the effective couplings GN
αα
, separately. In the limit
m
F
= m
Fα
≫ mz , we have
aγGl =
G
F
αeQfQαm
2
l
mw
8π3m
F
ℜ(GN
αα
)
[
1 + ln
m2
F
m2
z
]
,
dγGl =
G
F
αeeQfQαmlmw
16π3m
F
ℑ(GN
αα
)
[
1 + ln
m2
F
m2
z
]
, (67)
which are suppressed by the masses of heavy fermions.
G. The corrections from the diagrams where a closed heavy fermion loop is at-
tached to the virtual γ bosons
At the two loop level, there are QED diagrams involving a photon vacuum polarization
subdiagrams. For leptons or quarks, these contributions are of course known[2]. If heavy
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fermions contribute, the two loop QED contributions are modified by the photon vacuum
polarization (Fig.9). Adopting the same steps in WW sector, we formulate the corrections
from Fig.9 to lepton MDM and EDM respectively as:
aγγl =
√
2G
F
αeQ
2
αm
2
l
45π3
m2
w
m2
Fα
,
dγγl = 0 , (68)
which coincide with the well known results in Ref.[24]. For masses m
Fα
≥ 100GeV, these
corrections from this sector to the muon MDM aµ are below 10
−13 and hence negligible.
Fα Fα
l
γ
l
Fα
γ
l l
γ
(a)
⊗
−iΣγC
µν
γ γ
l l
l l
γ
(b)
γ γ
l l
l l
γ
(c)
FIG. 9: The two-loop diagrams in which a closed heavy fermion loop is attached to the virtual γ
bosons, where subdiagram (a) represents the two loop diagram in full theory, (b) represents the
corresponding counter diagram, and (c) is the corresponding diagram of effective theory.
III. THE LEADING TERMS IN TWO LOOP CORRECTIONS TO al IN CON-
CRETE ELECTROWEAK THEORIES
In this section, we will present the leading terms from two loop corrections to al within
some electroweak models discussed extensively in literature.
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A. the SM
Within the framework of SM, only top quark belongs to the fermion which mass is
heavier than that of weak gauge bosons. The couplings in Eq.(8) and Eq.(40) are respectively
expressed as
ξL
tt
= −1 + 4
3
s2
w
, ξR
tt
= −4
3
s2
w
,
ζL
tdi
= −Vtdi√
2
, ζR
tdi
= 0 . (69)
Using the unitary property of Cabibbo-Kabayashi-Maskawa (CKM) matrix V and mz =
mw/cw , one formulates the leading corrections from top quark to lepton MDMs as
aSM2L =
G
F
αem
2
l
8
√
2π3s2
w
{
3− 104
9
s2
w
− 16
9
s2
w
ln
m2
t
m2
h
}
− GFm
2
l
12
√
2π2s2
w
(
1− 2s2
w
+ 2s4
w
)
∆ρ
SM
. (70)
In order to produce the terms ∝ m2
t
, we take the limit s2
w
→ 1/4 used in Ref[4], and
approximate the last term as −5G
F
m2
l
∆ρ
SM
/24
√
2π2. Using the leading contributions
∆ρ
SM
= 3e2m2
t
/4(4π)2s2
w
m2
w
+ · · · in the limit m
t
≫ mw , we recover the terms ∝ m2t in
Ref[4] perfectly.
B. the Extension of SM with the Fourth Generation
Besides top quark, the extension of SM with the fourth generation also includes addi-
tional three heavy fermions: t′, b′, τ ′. Correspondingly, the couplings in Eq.(8) and Eq.(40)
are separately written as
ξL
t′t′
= −1 + 4
3
s2
w
, ξR
t′t′
= −4
3
s2
w
,
ξL
b′b′
= −1 + 2
3
s2
w
, ξR
b′b′
=
2
3
s2
w
,
ξL
τ ′τ ′
= 1− 2s2
w
, ξR
τ ′τ ′
= −2s2
w
,
ζL
t′b′
= −Vt′b′√
2
, ζR
t′b′
= 0 ,
ζL
ν
τ ′
τ ′
= − 1√
2
, ζR
ν
τ ′
τ ′
= 0 . (71)
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Assuming m
t′
= m
b′
= m
τ ′
= m
F
≫ mw and applying the unitary property of 4 × 4 CKM
matrix V , we finally obtain
a4G2L = a
SM
2L +
G
F
α
e
m2
l
48
√
2π3s2
w
[
31 + 12|V
t′b′
|2
]
− GFm
2
l
12
√
2π2s2
w
(
1− 2s2
w
+ 2s4
w
)
∆ρ
4G
. (72)
Here, the 1-loop corrections to ρ-parameter from the heavy fermions of 4th generation can
be written as
∆ρ
4G
=
α
e
16πs2
w
m2
F
m2
w
[
19 + 12 ln
m2
F
m2
w
]
. (73)
In this model, the dominant contributions from Higgs sector are originated from the two-
loop γh diagrams. Under the assumption m
t′
= m
b′
= m
τ ′
= m
F
, those contributions are
zero since the anomalous cancelation. There is no correction from those heavy fermions to
lepton EDMs also in the extension of SM with the fourth generation.
C. the minimal supersymmetric extension of SM
In this extension of SM, the additional possible heavy fermions include two charginos
χ±1,2 and four neutralinos χ
0
i (i = 1, · · · , 4) [17]. The couplings among weak gauge bosons
and heavy fermions are given as
ξL
χ
±
α χ
±
β
= 2δαβ cos 2θw + (U
†
L
)
α1
(U
L
)
1β
,
ξR
χ
±
α χ
±
β
= 2δαβ cos 2θw + (U
†
R
)
α1(UR)1β , (α, β = 1, 2) ,
ξL
χ0αχ
0
β
= N †α4N4β ,
ξR
χ0αχ
0
β
= N †β3N3α , (α, β = 1, · · · , 4) ,
ζL
χ0αχ
±
β
= N †α2(UL)1β −
1√
2
N †α4(UL)2β ,
ζR
χ0αχ
±
β
= N2α(U †R)β1 +
1√
2
N3α(U †R)β2 , (α = 1, · · · , 4; β = 1, 2) , (74)
Here, the 4×4 matrix N denotes the mixing matrix of neutralinos, two 2×2 matrices U
L
, U
R
denote the left- and right-handed mixing matrices of charginos, respectively. In the limit of
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heavy masses, the mass spectra of charginos and neutralinos are respectively approached as
m
χ±
≈ diag(|m2|, |µH |) ,
m
χ0
≈ diag(|m1|, |m2|, |µH |, |µH |) . (75)
Here, µ
H
represents the µ parameter in superpotential, and m2, m1 denote the soft breaking
masses of SU(2)× U(1) gauginos,respectively.
Applying Eq.(74) and Eq.(75), we get the two loop corrections to lepton MDMs in the
heavy mass limit |m1| = |m2| = |µH | = mF ≫ mw as
aMSSM2L = a
SM
2L +
41G
F
αem
2
l
96
√
2π3s2
w
− GFm
2
l
12
√
2π2s2
w
(
1− 2s2
w
+ 2s4
w
)
∆ρ
SUSY
, (76)
the 1-loop corrections to ρ-parameter from the heavy supersymmetric fermions can be writ-
ten as [18]
∆ρ
SUSY
=
α
e
16πs2
w
[
− 6 + (1− 2s
2
β
)2
c2
w
+
8c2
β
c2
w
+ 4s2
w
+ 2s2
β
c2
w
− 1/(2c2
β
)
ln(2c2
β
c2
w
)
+
8s2
β
c2
w
+ 4s2
w
+ 2c2
β
c2
w
− 1/(2s2
β
)
ln(2s2
β
c2
w
)
]
. (77)
The abbreviation symbols cβ = cos β, sβ = sin β with tan β = υ2/υ1 denoting the ratio
between the absolute values of two vacuum expectations: υ1, υ2. As 1 ≤ tan β ≤ 60 and
m
F
∼ 1TeV, the contributions from this sector to muon MDMs is well below 10−11 which
can be ignored safely.
At large tanβ, the dominant two-loop supersymmetric corrections to lepton anomalous
dipole moments are originated from those Bar-Zee type diagrams which are analyzed ex-
tensively. To obtain the corrections from those sectors, we formulate the relevant couplings
as
Hc,L
χ
±
β
χ0α
= −cβ
[ 1√
2
(U
R
)
2β
(sw
cw
N1α +N2α
)
+ (U
R
)
1β
N4α
]
,
Hc,R
χ
±
β
χ0α
= sβ
[ 1√
2
(U †
L
)
β2
(sw
cw
N †α1 +N †α2
)
− (U †
L
)
1β
N †α3
]
,
HE
χ
±
α χ
±
β
(h0k) = ZE1k(UL)2α(UR)1β + ZE2k(UL)1α(UR)2β , (k = 1, 2) ,
HO
χ
±
α χ
±
β
(h0k) = −sβ(UL)2α(UR)1β , (78)
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with ZE is the mixing matrix of two CP even Higgs. Assuming |µ
H
| = |m2| = |m1| = mF
and θ1 = θ2 = θµ, we expand the effective couplings in Eq.39 and Eq.65 in powers of mw/mF
and get
∑
α,β
Hc,L
χ
±
β
χ0α
ζL
χ0αχ
±
β
= O(m
2
w
m2
F
) ,
∑
α,β
Hc,L
χ
±
β
χ0α
ζR
χ0αχ
±
β
= O(m
2
w
m2
F
) ,
∑
α,β
Hc,R
χ
±
β
χ0α
ζL
χ0αχ
±
β
= O(m
2
w
m2
F
) ,
∑
α,β
Hc,R
χ
±
β
χ0α
ζR
χ0αχ
±
β
∝ mw
m
F
eiθµ ,
∑
α
HE
χ
±
α χ
±
α
(h0k) ∝
mw
m
F
eiθµ ,
∑
α
HO
χ
±
α χ
±
α
∝ mw
m
F
eiθµ , (79)
where θ1,2 = arg(m1,2), θµ = arg(µH) are the corresponding CP violating phases. Applying
the above equations and BE = BO = BC = tan β, we find
a2L =
G
F
αem
2
l
m2
w
tanβ
8
√
2π3s2
w
m2
F
[
A+B ln
m2
F
m2
W
]
cos θµ ,
d2L =
G
F
αeemlm
2
w
tan β
16
√
2π3s2
w
m2
F
[
C +D ln
m2
F
m2
W
]
sin θµ . (80)
Here, the form factors A, B, C, D depend on the masses of higgs and the mixing matrix
of neutral CP-even higgs.
The two loop corrections to lepton MDMs and EDMs are proportional to 1/m2
F
in large
tan β limit, which are consistent with the result presented in Ref.[5] qualitatively. Using
HME approximation and projection operator method, Ref.[5] approaches the corrections
to the muon MDM from two loop diagrams in which a closed chargino/neutralino loop is
inserted into those two Higgs doublet one loop diagrams as
aMSSM2L ([5]) = 11× 10−10
(tanβ
50
)(100GeV
M
SUSY
)2
sign(µ
H
) , (81)
under the assumption µ
H
= m2 = (3c
2
w
/5s2
w
)m1 = mA =MSUSY and large tan β limit, where
m
A
denotes the mass of neutral CP-odd Higgs.
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FIG. 10: The supersymmetric corrections to the muon MDM aµ and varies with the supersymmetric
scale M
SUSY
when µ
H
= m2 = (3c
2
w
/5s2
w
)m1 = mA = MSUSY and tan β = 5, 50. Here the solid
line stands for the two-loop contributions from neutralino/chargino sector with tan β = 50, the
dash line stands for the results of Eq.(81) with tan = 50; the dot line stands for the two-loop
contributions from neutralino/chargino sector with tan β = 5, the dash-dot line stands for the
results of Eq.(81) with tan = 5.
To compare our result with that presented in Ref.[5] numerically, we take the same as-
sumption µ
H
= m2 = (3c
2
w
/5s2
w
)m1 = mA = MSUSY on the parameter space of supersymme-
try. In addition, the existence of a CP-even SM like Higgs with mass above 115 GeV sets a
strong constraint on the parameter space of the employed model. To address this problem, we
include all loop corrected effects in the Higgs potential[25], and choose the Yukawa couplings
of the 3rd generation sfermions as A
t
= A
b
= A
τ
=M
SUSY
. Considering those points above,
we present the numerical results in Fig.10. For large tan β case, our numerical results agree
with the approximation presented in Eq.(81) very well. It implies that the equation Eq.(81)
fits the exact result perfectly for large tan β and µ
H
= m2 = (3c
2
w
/5s2
w
)m1 = mA =MSUSY .
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D. the littlest Higgs with T-parity
In the framework of the littlest Higgs with T-parity, all the SM particles are even, as
well as the corresponding mirror fields are odd under the discrete T-transformation [19]. In
order to avoid dangerous contributions to the Higgs mass from one-loop quadratic diver-
gences, we introduce additionally one T-even top quark T+ together with its mirror partner,
the T-odd top quark T− besides the SM fermions f
i and their mirror partners f iH . The cou-
plings among the SM gauge bosons and heavy fermions in Eq.(40) and Eq.(8) are respectively
given as [20]
ξL
T+T+
= −η2
L
υ2
f 2
+
4
3
s2
w
, ξR
T+T+
=
4
3
s2
w
,
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= −η
L
υ
f
, ξR
T+t
= 0 ,
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= ξR
T−T−
=
4
3
s2
w
,
ξL
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H
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H
= ξR
ui
H
ui
H
= −1 + 4
3
s2
w
,
ξL
di
H
di
H
= ξR
di
H
di
H
= 1− 2
3
s2
w
,
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νi
H
νi
H
= ξR
νi
H
νi
H
= −1 ,
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ei
H
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H
= ξR
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H
ei
H
= 1− 2s2
w
,
ζL
T+b
=
V
tb√
2
η
L
υ
f
, ζR
T+b
= 0 ,
ζL
ui
H
d
j
H
= ζR
ui
H
d
j
H
=
δ
ij√
2
,
ζL
νi
H
e
j
H
= ζR
νi
H
e
j
H
=
δ
ij√
2
. (82)
Here, f is the breaking scale of a large SU(5)/SO(5) symmetry, and
η
L
=
λ21
λ21 + λ
2
2
, (83)
with λ1,2 represent the Yukawa couplings of top quark sector. Additionally, the relations
among the masses of heavy fermions are presented as
m
T+
=
f
υ
m
t√
η
L
(1− η
L
)
,
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m
T−
=
f
υ
m
t√
η
L
,
m
ui
H
= m
di
H
(1− υ
2
8f 2
) ,
m
νi
H
= m
ei
H
(1− υ
2
8f 2
) , (i = 1, 2, 3) . (84)
Applying the equations above, we give the leading corrections from heavy fermions to lepton
MDMs in the limit f = m
ei
H
= m
di
H
= m
F
≫ mw as
aLHT2L = a
SM
2L +
5G
F
αem
2
l
6
√
2π3s2
w
− GFm
2
l
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√
2π2s2
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1− 2s2
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+ 2s4
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∆ρ
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, (85)
the 1-loop corrections to ρ-parameter from heavy fermions can be written as [21]
∆ρ
LHT
= η
L
υ2
f 2
[
− 1
2
+ ln
m2
T+
m2
w
]
∆ρ
SM
. (86)
E. the universal extra dimension
If all particles of the SM are zero modes of corresponding 5-dimension bulk fields [22],
the KK excitations of fermion acquire the masses
m
fi(n)
=
√
m2
fi
+
n2
R2
, (n = 1, 2, · · ·) , (87)
where m
fi
denotes the mass of corresponding SM field, and R is the compactification radius.
To fit the present experimental data, we choose 1/R ≥ 200 GeV. Furthermore, we formulate
the couplings among the zero modes of weak gauge bosons and the KK excitations of fermions
as [23]
ξL
Q
(n)
i
Q
(n)
i
= ξR
Q
(n)
i
Q
(n)
i
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4
3
s2
w
− c2
i(n)
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i
U
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i
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U
(n)
i
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i
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i
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i
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i
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s2
w
+ s2
i(n)
,
ξL
Q
(n)
i
U
(n)
i
= −ξR
Q
(n)
i
U
(n)
i
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s
i(n)
,
ζL
Q
(n)
i
d
j
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V
ij√
2
, ζR
Q
(n)
i
d
j
= 0 ,
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ζL
U
(n)
i
d
j
= −s
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V
ij√
2
, ζR
U
(n)
i
d
j
= 0 ,
ζL
L
(n)
i
ν
j
=
δ
ij√
2
, ζR
L
(n)
i
ν
j
= 0 ,
(88)
with
tan 2α
i(n)
=
m
fi
n/R
, (fi = ui, di, νi , ei , i = 1, 2, 3) ,
c
i(n)
= cosα
i(n)
, s
i(n)
= sinα
i(n)
. (89)
Using Eq.(87), Eq.(88) and Eq.(89), we formulate the leading contributions from the KK
excitations of fermions as
aUED2L = a
SM
2L −
G
F
αem
2
l
2
√
2π3s2
w
. (90)
IV. CONCLUSION
In this work, we have investigated the electroweak corrections to the lepton MDMs and
EDMs from some two loop diagrams in which a closed heavy fermion loop is inserted into
those two Higgs doublet diagrams. Adopting on-shell scheme, we subtract the ultraviolet
divergence caused by the subdiagrams and get the theoretical predictions on lepton MDMs.
As the masses of virtual fermions in inner loop are much heavier than the electroweak scale,
we verify the final results satisfying the decoupling theorem explicitly if the interactions
among Higgs and heavy fermions do not contain the nondecoupling couplings. Our results
are universal for all extensions of the SM where the interactions among the electroweak
gauge bosons and heavy fermions are renormalizable. As application of our analysis, we
present the leading corrections to lepton MDMs in some popular extensions of the SM, such
as the fourth generation, supersymmetry, universal extra dimension, and the littlest higgs
with T-parity.
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APPENDIX A: THE FORM FACTORS
N (1)
ww
= − 24
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APPENDIX B: THE FUNCTIONS
The definition of Ψ(x, y, z) is written as:
• λ2 > 0, √y +√z < √x:
Ψ(x, y, z) = 2 ln
(x+ y − z − λ
2x
)
ln
(x− y + z − λ
2x
)
− ln y
x
ln
z
x
−2Li2
(x+ y − z − λ
2x
)
− 2Li2
(x− y + z − λ
2x
)
+
π2
3
, (B1)
where Li2(x) is the spence function;
• λ2 > 0, √x+√z < √y:
Ψ(x, y, z) = Eq.(B1)(x↔ y) ; (B2)
• λ2 > 0, √x+√y < √z:
Ψ(x, y, z) = Eq.(B1)(x↔ z) ; (B3)
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• λ2 < 0:
Ψ(x, y, z) = 2
{
Cl2
(
2 arccos(
−x+ y + z
2
√
yz
)
)
+ Cl2
(
2 arccos(
x− y + z
2
√
xz
)
)
+Cl2
(
2 arccos(
x+ y − z
2
√
xy
)
)}
, (B4)
where Cl2(x) denotes the Clausen function.
The expressions of ϕ0(x, y), ϕ1(x, y), ϕ2(x, y) and ϕ3(x, y) are given as
ϕ0(x, y) =


(x+ y) lnx ln y + (x− y)Θ(x, y) , x > y ;
2x ln2 x , x = y ;
(x+ y) lnx ln y + (y − x)Θ(y, x) , x < y .
(B5)
ϕ1(x, y) =


− ln x ln y − x+y
x−y
Θ(x, y) , x > y ;
4− 2 ln x− ln2 x , x = y ;
− ln x ln y − x+y
y−x
Θ(y, x) , x < y ,
(B6)
ϕ2(x, y) =


(2x2+6xy) lnx−(6xy+2y2) ln y
(x−y)3
− 4xy
(x−y)3
Θ(x, y) , x > y ;
− 5
9x
+ 2
3x
ln x , x = y ;
(2x2+6xy) lnx−(6xy+2y2) ln y
(x−y)3
− 4xy
(y−x)3
Θ(y, x) , x < y ,
(B7)
ϕ3(x, y) =


−12xy(x+y)
(x−y)5
Θ(x, y)− 2(x2+6xy+y2)
(x−y)4
+2(x
3+20x2y+11xy2) lnx−2(y3+20xy2+11x2y) ln y
(x−y)5
, x > y ;
− 53
150x2
+ 1
5x2
lnx , x = y ;
−12xy(x+y)
(y−x)5
Θ(y, x)− 2(x2+6xy+y2)
(x−y)4
+2(x
3+20x2y+11xy2) lnx−2(y3+20xy2+11x2y) ln y
(x−y)5
, x < y ,
(B8)
with
Θ(x, y) = ln x ln
y
x
− 2 ln(x− y) ln y
x
− 2Li2(y
x
) +
π2
3
. (B9)
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The functions adopted in the text are written as
̺
i,j
(x, y) =
xi lnj x− yi lnj y
x− y , Ωi(x, y; u, v) =
xiΦ(x, u, v)− yiΦ(y, u, v)
x− y ,
T1(x, y, z) =
(y − z)2
3x3
(1 + ̺1,1(y, z))−
1
48x2
[
10̺2,1(y, z) + (31− 12Qβ)y
+(19 + 12Qβ)z − (22 + 12Qβ)y ln y − (16− 12Qβ)z ln z
]
− 1
8x
[
3(1−Qβ)− (3− 2Qβ) ln z
]
− 1
48
{ ∂4
∂x4
[
(y − z)2Φ− x2Φ
]
(x, y, z)
−6 ∂
4
∂x3∂z
[
z(y − z)Φ + xzΦ
]
(x, y, z)
+6
∂4
∂x2∂z2
[
z(y + z)Φ− xzΦ
]
(x, y, z)
−2 ∂
4
∂x∂z3
[
z2(y − z)Φ(x, y, z)− ϕ0(y, z)
x
+ z2Φ(x, y, z)
]
+3
∂3
∂x3
[
(y − z)2Φ(x, y, z)− ϕ0(y, z)
x
+
(
4y − 4z + 3x
)
Φ(x, y, z)
]
+6
∂3
∂x∂z2
[
(
5
2
−Q
β
)z(y − z)Φ(x, y, z)− ϕ0(y, z)
x
+
3
2
zΦ(x, y, z)
]
−3 ∂
3
∂x2∂z
[
3z(y − z)Φ(x, y, z)− ϕ0(y, z)
x
+
(
(6−Q
β
)y
+(11− 3Q
β
)z
)
Φ(x, y, z)− (6−Q
β
)xΦ(x, y, z)
]
−3 ∂
2
∂x∂z
[
(7− 5Q
β
)(y − z)Φ(x, y, z)− ϕ0(y, z)
x
+ (1 +Q
β
)Φ(x, y, z)
]
+6
∂2
∂x2
[
(
7
2
−Q
β
)(y − z)Φ(x, y, z)− ϕ0(y, z)
x
+ (
9
2
− 2Q
β
)Φ(x, y, z)
]}
,
T2(x, y, z) = − 1
16
{2 ln z
x
− 4
x2
(
y − z + y ln y − z ln z
)
+
∂3
∂x∂z2
[
(1− 2Q
β
)zΦ(x, y, z)− z(y − z)Φ(x, y, z)− ϕ0(y, z)
x
]
− ∂
2
∂x∂z
[
(3− 5Q
β
)Φ(x, y, z)− (3−Q
β
)(y − z)Φ(x, y, z)− ϕ0(y, z)
x
]
− ∂
3
∂x2∂z
[
Q
β
xΦ− (Q
β
y + (2−Q
β
)z)Φ
]
(x, y, z)
−2 ∂
2
∂x2
[
Φ(x, y, z) + (y − z)Φ(x, y, z)− ϕ0(y, z)
x
]}
,
T3(x, y, z) =
5
12x2
̺1,1(y, z) +
7
6x2
+
1− 3Q
β
24xz
− 1−Qβ
8x2
ln y +
4−Qβ
8x2
ln z
− 1
48
{ ∂4
∂x∂z3
[
z(y − z)Ω0 − zΩ1
]
(x, y; y, z)
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−3(1 −Qβ) ∂
3
∂x∂z2
[
(y − z)Φ(x, y, z)− ϕ0(y, z)
x
− Φ(x, y, z)
]
+3(1−Qβ) ∂
3
∂x∂y∂z
[
(y − z)Φ(x, y, z)− ϕ0(y, z)
x
− Φ(x, y, z)
]
−2 ∂
4
∂x4
(xΦ)(x, y, z) + 3
∂4
∂x3∂z
[
(y − z)Φ− xΦ
]
(x, y, z)
−6 ∂
4
∂x2∂z2
(
zΦ(x, y, z)
)
− 6∂
3Φ
∂x3
(x, y, z)
+3
∂3
∂x2∂z
[
(3−Qβ)(y − z)Φ(x, y, z)− ϕ0(y, z)
x
+ (1−Qβ)Φ(x, y, z)
]
+3(1−Qβ) ∂
3
∂x2∂y
[
(y − z)Φ(x, y, z)− ϕ0(y, z)
x
− Φ(x, y, z)
]}
,
T4(x, y, z) = − 1
16
{
Qβ
[ 2
zx
− 2 ∂
3Φ
∂x2∂z
(x, y, z)
+
∂3
∂x∂z2
(
(y − z)Φ(x, y, z)− ϕ0(y, z)
x
− Φ(x, y, z)
)]
−Qα
[
2
∂3Φ
∂x2∂y
(x, y, z)
− ∂
3
∂x∂y∂z
(
(y − z)Φ(x, y, z)− ϕ0(y, z)
x
− Φ(x, y, z)
)]}
,
T5(x, y, z) =
2
3x
+
(
− 4
3x2
+
4 lnx
3x2
)
(y + z)
+
( 7
6x2
+
2
3x2
ln x
)
(y ln y + z ln z)
+
( 2
3x3
− 4
3x3
ln x
)
(y − z)2(1 + ̺1,1(y, z))
+
23
6x2
(y + z)̺1,1(y, z)−
5̺2,1(y, z)
x2
− 1
3x2
(
1− 2(y + z)
x
)(
Φ(x, y, z)− ϕ0(y, z)
)
+
1
3x
(y + z
x
− 2(y − z)
2
x2
)
ϕ1(y, z)
+
1
3x
(
1− 3(y + z)
x
+
2(y − z)2
x2
)∂Φ
∂x
(x, y, z)
−1
3
(
1− 2(y + z)
x
+
(y − z)2
x2
)∂2Φ
∂x2
(x, y, z)
−(y − z)
2
3x2
ϕ2(y, z) ,
T6(x, y, z) =
4
x
ln z − 4
x2
(
y − y ln y − z + z ln z
)
+
∂3
∂x2∂z
[
(y − 3z − x)Φ(x, y, z)
]
−2 ∂
3
∂x∂z2
[yz − z2
x
(
Φ(x, y, z)− ϕ0(y, z)
)]
− ∂
2
∂x∂z
[
Φ(x, y, z)− 5
x
(y − z)
(
Φ(x, y, z)− ϕ0(y, z)
)]
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−2 ∂
2
∂x2
[y − z
x
(
Φ(x, y, z)− ϕ0(y, z)
)
+ 2Φ(x, y, z)
]
,
T7(x, y, z) = − 1
x2
(
ϕ0 − (y − z)∂ϕ0
∂z
)
(y, z) +
[
2z
∂3Φ
∂x∂z2
+
∂2Φ
∂x2
− y − z
x2
∂Φ
∂z
+(x− y + z) ∂
3Φ
∂x2∂z
+
Φ
x2
− 1
x
∂Φ
∂x
+ (1 +
y − z
x
)
∂2Φ
∂x∂z
]
(x, y, z) ,
T8(x, y, z) = −4 ∂
3Φ
∂x2∂z
(x, y, z) +
4
xz
− 4
x2
(
ln y − ln z
)
+ 2
( ∂3
∂x2∂z
− ∂
3
∂x∂z2
+
∂3
∂x2∂y
+
∂3
∂x∂y∂z
)[
Φ(x, y, z)− y − z
x
(
Φ(x, y, z)− ϕ0(y, z)
)]
,
T9(x, y, z) = −4
( ∂3Φ
∂x2∂z
+
∂3Φ
∂x2∂y
)
(x, y, z) +
4
xz
+
2
x2
(2 + ln y)
+
(
2
∂3
∂x∂z2
+
∂3
∂x2∂y
)[y − z
x
(
Φ(x, y, z)− ϕ0(y, z)
)
− Φ(x, y, z)
]
,
T10(x, y, z) =
4
x
ln z − 8z
x2
(∂Φ
∂z
(x, y, z)− ∂ϕ0
∂z
(y, z)
)
+
8
x
(∂Φ
∂z
− ∂Φ
∂x
)
(x, y, z)
+2
∂2
∂x∂z
(y − z
x
· (Φ(x, y, z)− ϕ0(y, z))− Φ(x, y, z)
)
+
8z
x
∂2Φ
∂x∂z
(x, y, z) ,
T11(x, y, z) =
1
x
{
− 4(2 + ln y)(lnx− 1)− ∂
∂z
[(
1 + 2
y − z
x
)
Φ
]
(x, y, z)
+
∂
∂z
[(
1 + 2
y − z
x
)
ϕ0 + 2(y − z)ϕ1
]
(y, z)
}
,
T12(x, y, z) =
1
x
[
∂Φ
∂z
(x, y, z)− ∂ϕ0
∂z
(y, z)
]
,
F1(x, y, z, u) = 2
(
(2−Qβ) lnu+ 1− 2Qβ
)
̺
0,1
(x, y)− 6(z − u)
xy
−6(z ln z − u lnu)
xy
+
Qβxy + 2(x+ y)(z − u)
x2y2
ϕ0(z, u)
−Qβz − (2 +Qβ)u
xy
∂ϕ0
∂u
(z, u)− u(z − u)
xy
∂2ϕ0
∂u2
(z, u)
+
(
Qβ − (Qβz − (2 +Qβ)u) ∂
∂u
− u(z − u) ∂
2
∂u2
)
Ω−1(x, y; z, u)
−
( ∂
∂u
+ u
∂2
∂u2
)
Ω0(x, y; z, u)−
( ∂
∂x
+
∂
∂y
)2[
Ω1(x, y; z, u)
+(z − u)Ω0(x, y; z, u)
]
− 2
( ∂
∂x
+
∂
∂y
)[∂Ω1
∂u
(x, y; z, u)
−(z + u)∂Ω0
∂u
(x, y; z, u)
]
− 2(z − u)
( ∂
∂x
+
∂
∂y
)
Ω−1(x, y; z, u) ,
F2(x, y, z, u) = 2
(
ln u− 1− (1−Qβ)(2 + ln z)
)
̺0,1(x, y)−
6(z − u)
xy
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−6(z ln z − u lnu)
xy
− Qβxy − 2(x+ y)(z − u)
x2y2
ϕ0(z, u)
+
z + u
xy
∂ϕ0
∂u
(z, u) + (1−Qβ)z − u
xy
∂ϕ0
∂z
(z, u)− u(z − u)
xy
∂2ϕ0
∂u2
(z, u)
+
(
−Qβ + (z + u) ∂
∂u
+ (1−Qβ)(z − u) ∂
∂z
− u(z − u) ∂
2
∂u2
)
Ω−1(x, y; z, u)
+
(
− ∂
∂u
− (1−Qβ) ∂
∂z
+ u
∂2
∂u2
)
Ω0(x, y; z, u)
+
( ∂
∂x
+
∂
∂y
)2[
Ω1(x, y; z, u)− (z − u)Ω0(x, y; z, u)
]
+
( ∂
∂x
+
∂
∂y
)[
− 2Ω0(x, y; z, u) + 4u∂Ω0
∂u
(x, y; z, u)
]
−2(z − u)
( ∂
∂x
+
∂
∂y
)
Ω−1(x, y; z, u) ,
F3(x, y, z, u) = −2(2 + ln u)̺0,1(x, y) +
1
xy
ϕ0(z, u)− z − u
xy
∂ϕ0
∂u
(z, u)
+(1− 2Qβ) ∂
∂u
Ω0(x, y; z, u) +
(
1− (z − u) ∂
∂u
)
Ω−1(x, y; z, u) ,
F4(x, y, z, u) = 2
(
2Qβ + ln u− (1−Qβ) ln z
)
̺0,1(x, y)
−Qβ
xy
ϕ0(z, u) +
z − u
xy
( ∂
∂u
+ (1−Qβ) ∂
∂z
)
ϕ0(z, u)
+
(
−Qβ + (z − u) ∂
∂u
+ (1−Qβ)(z − u) ∂
∂z
)
Ω−1(x, y; z, u)
−
( ∂
∂u
+ (1−Qβ) ∂
∂z
)
Ω0(x, y; z, u) ,
F5(x, y, z, u) =
1
xy
∂
∂u
(
(z − u)ϕ0
)
(z, u) +
1
x− y
{ ∂
∂u
[(
1 +
z − u
x
)
Φ
]
(x, z, u)
− ∂
∂u
[(
1 +
z − u
y
)
Φ
]
(y, z, u)
}
,
F6(x, y, z, u) = − 1
xy
∂
∂u
(
(z − u)ϕ0
)
(z, u) +
1
x− y
{ ∂
∂u
[(
1− z − u
x
)
Φ
]
(x, z, u)
− ∂
∂u
[(
1− z − u
y
)
Φ
]
(y, z, u)
}
. (B10)
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